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Equation of matter waves can be written as
. 2T 2n
w(x,t) = Asin T(X —\t) or y(x,t) = AcosT(x —\t)

WX, =Aexp[2%‘(x—vt)]=Aexp[2%‘[§—h7vt]]

y(x,t) = Ae”(px ) (1)

hrédinger Equation:. \

The quatlo 1)is ' \
H(Pxx-EY) \
\|1(X t)=Ae \
\
lefer nt| g.(1) with respect to X, we get n \
s ¥
‘ A @
0 —
‘ pov=| 2 ly= =17 ©)
\O Al =1 Ha & I.d?ﬂ:i: O |
. .. 0
=
po=(-n) /
1
: . /
is called\{nomentum operator (for 3 dimen p= (— i hV)). ,
Again difﬁ}en e Eq.(1) with respect to X, we get
o’y _ Pk
EX S
‘.““—-h——/—‘-'y “pzy (4)
Divide Eq.(2) by 2m
b, ®
2mox?>  2m
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For free particle, Potential Energy V = 0, then Total energy (E) of the given particles

2
becomes E = Kinetic energy = Zp_?n Hence Eq.(5) becomes

2 2
SOV @),y (6)

(7)
or (8)
/
y
,.
is called y operator.
“\
From Emand Eq.(8) we have, '
i
1y _ p; yeind¥
| 2m ox? 2 m ot '
I~ 2 "\\ cg“,*n
which is time dehé]deﬁ'i Schhaaer ation drf e\pﬁt cle in'one dim nsmﬁ-‘
Similarly equations for particle moving in Y and Z direction so, !
‘ :
, 2 2 '
‘ ey ¥ for Y direction
3 2m 2m
\ J/
2-@' 2
_ A 5 /Vfdirectlon
2m éz>  2m
Now add these three equation %Q >
_n* (% oty O _ o py P v
2ml ox*  oy? oz° om " 2m ' 2m
hZ 5 p2
—-—Vy=—vy=E 9
om Y V=, v =By 9)

Using Eq.(8) and Eq.(9), we get
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R ( a)
_ vy —|inl
om. U Y

which is the time dependent Schrodinger equation for free particle in 3 dimension.

Now, suppose particle is not free and some force acted upon it so,

F=-VV

—

Since mop‘i operator for 3 dimension p= (— i hV), SO

y

/ Ly
i Ey = —2—V +V |y =Hy,
'}0‘\ m l.
| n? _, . e ! \
where H = —ﬁv +V | is called Hamiltonian of the particle.
. i AN AT ‘ C‘r‘rﬂ '
ence SR BT YT EYEE Lot YA ()
' hz 2 ) ‘
' -——V +V|y=|in— 10
\ ( 2m J‘" ( at)“’ / 1o

This is the time dependent Schrodinger eq n in 3 dimensions.

in 3 dimensions S ——

Dr. Rakesh Kumar, Physics Department, Chaudhary Mahadeo Prasad Degree College, Prayagraj- U.P. 211002 Page 4



E Learning Modules

g
y =¢e " (11)

Substitute the value of equation (11) in the time dependent Schrodinger equation (10), we get

2 LBt ~LEt IRt
-—=e Veb+ Voe _|h<|>—(e )
m

2 i S i -iEt
—h—eh V26 Ve " ‘=ih¢(—%Eeh )

fﬁ_\"ﬁ? G

2m
C\ Vv (|)+h—2(E—V)¢:O
p -
which is timesindependent Schrodinger equation.

Physicaﬂnierpretation of Wave function (T, t) :

I

——> ltis func‘tlon of space qnd tlme. only a?d may be posmlvT 0{ n'egatlve
1 - .

“‘..‘

——= (T, t) can not related to any phy3|cal quantlty except probability of finding
particle in space at particular time. '

y(T,t) = Ae"‘(ﬁ j

= 1f (7, t) denote the complex comjugate then * (F, (¥, 1) :|\y(?,t)|2 represents
me of space, surroundinpihf particle at any

the probability ofsfinding particle in unit v
particular msta’t ?

p- j|\p(r O = finite &

certainty of absence.

.

1 denotes the certaint and 0 denotes the
- L -~

1. (T, t) must satisfy Schrodinger equation both time dependent and independent.

Well behaved wave function:

2. [y (F,O)w(F, tyde is finite.

3. (7, t) must be single valued, if it not single valued probability density be multiple

valued at the same point in space.
4. y(7,t) and its space derivative must be continuous.
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Normalised, Orthogonal and Orthonormal wave functions:
Letwi, Wo, W3, Waseeeeenennnnen Wipseeeee etc. be the Eigen function corresponding to discrete

eigen values . Consider any two eigen functions v, and y,, for any operator O and

é\lfm =AmW¥m
cA)\Ifn =AnWn
where A, and A, are the elgen value of and v, forthe operator o) respectively.

ctions otherwise it is called

If L =Anthen g and to e de la@vave

non- degenerate

If j\ym\yn T with condition that A, # A, then y,, and y, lled orthogonal

— 00 v
wave functi s‘t'geach other. )
A {. x\
0. Ml
If Jytaadt =1 with condition that A, = A, then y, and v, are called, Normalised
—00
wave functions form=n=1, 2, ... .
If
. o ) " - . V g— L4 - " "
‘:-] i ‘-:}0 o-’,.°t"o (.'\: 'f.'s‘:(..
[Wmwndt =8,y — Kronecker delta function
—00
. =1 form=n
= forym = n
then and y-are called orthonormal wave functions. /
Vm L YS(‘ L)‘
Note: If the eigen'v. e continuous, the eigenvakuek can b as a parameter in the

eigen functions:

Wk (X) EpX é(d

and the orthonormality condition can be written as
jw*(x, K") w(x,k)dt =38(k —k") — Dirac delta function
Complete set of eigen functions:

Any normalized wave function¢, in accordance with the principle of superposition can be
expressed as a linear combination of orthonormal eigen functions.
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¢ =Cqyq +Coyo +C3y3 +........ +ChW¥Wp +.eeeen.

d=>Chyp,
n

where Cp,’s are the complex numbers. i.e. every physical quantity can be expressed by an operator

with eigen function W1, Wo, W3, Wa,eeeeeennnnen Wipseeeen etc which forms a complete set of
orthonormal wave functionsw. r.t. ¢.

Completeness relation: - .

If\yl,wg,\|f3,\|/4,..._..-f.... ... ctel b ete set c;feigen functions of some
operator corresponain mical observable of some
can be expressed

/ b= civi

' p !
/ Jo%pdt =T cjyjTyide
.’ m‘ 4 I

=Ycjcifwjwide ‘
.

| :Z:CTCiSJ'i l
ij ‘
- ~ — P - -
) 31 =1 W & = a9 O
i .

]
jd)*(l)d'g :Z|Ci|2 which is completeness relation for the given et. It is the necessary a‘s' well as
i .

y
sufficient condition for a set of functions to be Qplete. Z|Ci|2 =1 is the probability that system
i

v

If v is not normalised then,
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jw*\udr =N

—00

1 Of *
— |y ydt=1
N—oo

LR

—— is normalized and — |s galled'Normallsat’onactoaor constant.

Example 1. e foIIowmg wave function,

0,X2

W(x)=Ne"

p
: \
: 3 |
Solut n wave function is \|/(X) = Ne™ X o) \
ave function is normalized then '

‘ v (w(x)dr =1

O 30 A v g7 o= favam: ©

—0o0

\ N? Ofeolxzdr=1 /

Hence normalized wave fuh‘ien_is

Example 2. Normalised one dimensional wave function

y(x) = Ne™*, X >0
= Ne*X, x<0
where o >0

Solution: If wave function is normalized then,
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Tv™ 0Ow(de =1

—o0

0 , .
ie. [y (u()dr+ [y (Xy(x)dr=1

—00 0

0 o0
[NZe2%Xdr + [N2e 2*Xdr =1

Hence,hor ized wave function is
’
.,b w(x) = Joe X, x>0
= Vo™, x<0 l

Proplems Normalised the following wave functions: ,

~ -~ 5 ”. . 2™
1. WDO el ]sm ax "7 ] 4= 'm‘m° L)
2. \p(x) Nexp[——22+|ka !

\ 2a

Observables and Operators: o
\

F 4
Ay =ay ai ein v!_alue equation

where v is wave function or eigen function.

-
yields values (called éige\n

Note:

1. Some mathematical operators which are not connected to physics such as,

42
(N — sin 4x =16sin 4x
dx
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y d .
(i) (d_x}m X = COS X

2. The operator that corresponds to the observable linear momentum is,

p=—inv
For 1 dimension
R .. 0
=—1h—
Px OX - -

Eigen value equ ion i

v/ (

values fy represents the possible values that measur fx\component
4 ‘%entum yield. ~ ."..
J 3., The*operator that corresponds to the observable energy is Hamilt I.e.
o Hy = Ey

m 0 2

where, A= _4v=_"_v2, v
2m 2m ]

4. The operator that correspond otal gxgyFin:t S?J_t?e differential with
~ ’U‘S : d ?1-14 "?U?‘ 40 :

- Iespe;:'t time'is I-‘Far%ﬁl%onia‘ﬂ,‘i.'é.'

0 ‘
ih— |\w=E

.
;

Note: Every physical quantity in quantum n'e\anics, there is a corresponding linear
operator. i.e.

.(}_ -

O is linear operator”,
-

Problem:

1. Find the constant B which makes €™ an eigen function of the operator
G 2 . . .
— - Bx“ |. What is the corresponding eigen value?
dx

Dr. Rakesh Kumar, Physics Department, Chaudhary Mahadeo Prasad Degree College, Prayagraj- U.P. 211002 Page 11



E Learning Modules

Operators:
An operator is a symbol for a rule for transforming a given mathematical function into
another
function, e.g.;
Af(x) =g(x)
-
X -

multiplied and/ some perties.

rd 4 - ‘
Although operators-'do ?;@y pﬁ?mEg t can be added, subtracted,

A

Null operatdr: Oy=0

Inverse Op * If Aand B are two operators and

™

-
then m A=BlorB=A"l d

Linear Operator:

AB=BA=1 (identity operator)

) 3 A(»gl(x)ﬁi@eqj‘:w:mAw'-z‘(Ton, . Y

\ A (epwa(X) + w2 (X)) = c1AW1 (X) + oAy 5 (X)

are arbitrary constants.

AB-BA is called c£ erator. It,i
Bracket. .

If [A, B] =0 then A commutes with B .They are called commuting operators and in this case

A

AB=BA.
If [A, B] =0 then A do not commutes with B . They are called non commuting operators and
in this case AB = BA .

The operators are canonically conjugate if there operators say A and B satisfy [A, B] = i
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Heisenberg Uncertainty Principle is applicable to [A, B] = 0 i.e. canonically conjugate
variables.

Properties of Commutation bracket:

2. [A,BC1=[A, BIC + B[A, C]

3. [A[B,CT1=[B,[C, Al +[C,[A Bl =0

Exa‘mples: - '
R SET 21 g Had a= GEGGE U |
F\l‘roof: - /

Hence [X, py]=1%

Note: similarly [¥, py]=irand [Z,p,]=i7

Problems:
o a2  oizn
1. [X px]=2inpy
2. [%pR]=ninpy !
3. [py.X]=—ih
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4. [ph,x]=—ninx" 1

5 [f(X),p]l= ihg—i; [x,f(p)] = ih(;E where f(X) and f(X) are polynomial in x and p.
P
Hermitian Operator: A linear operator is said to be Hermitian if it satisfies the following:

j(A\y)*\ydﬂ: = [y* Aydr

If A =A" then A is called self adjoint or Hermitian. (‘read “+’ sign as dagger)

If A =—A" then A is'calle rmma

In general,
4
P A %A
| (A ) g = y*Agdr
i’
Proper,tlles ﬁ?rmitaian operators:
' :
1. tian operators have real eigen values.
{ shjetfitian op g |
Prom A Y =AY '

. N e » . ; 8 'C'I"' -
. If @IS]—leFr'niiiar*t%‘ P ) O= { R ‘m- C:
j(A\u) ydt = [y*Aydr .
' |
\ 2 wwvw*kwdr '
\\ * * ‘
(k —&H-\udt =10

Hence eigen values are real

2. The product of two commuting Hermitian operators A and B is also Hermitian.
Proof; (AB)" =BTA*
Since operators A and B is Hermitian therefore

A=A"
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also they are commutingso  AB=BA
hence, (AB)" =BTA" =BA=AB
therefore A B is Hermtian.

3. The eigen functions of Hermltlan operator are orthogonal if they corresponds to
distinct eigen values . -

Proof:

is Hermitian then

;[ v \
f/ ' I(Awl) wodt = [y Ay,de

| m J(aw1) wadt = [y Aoy ade
(M =22 )Wy wadt =0 (A =)y, realeigen value)
| |
» i . o) o) GRGaE
: A I ~ .- . » J‘ . " F.
therefore, fyy yodt =

| hence, eigen functions are orthogonal. J

4. If“A an

\

Proof: Si

are two Hermitian operrs then %[A, B] is also

Lia8)] --L@e-shy -~ () -6A)')
ErAn-@aren)--L(eh - as)
TN

:E(AB—BA)zi[A,B]

Thus %[A,B] is hermitian.
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Problems:

1. Show that momentum operator is Herrmitian.

2. Show that every operator can be expressed as the combination of two operators, each
of them is Hermitian operators.

Parity operator: The symmetry property is called Parity. This can be treated as operator
called Parity operator P . i.e.

Py(x) = y(=x)
Properties of Parlty Oper WT?
1. Hamiltonian o S mmetnc
H(X) = H(
So t

ve equation remains unchanged under this operation.
H(x = Ey(Xx)

S HEXW(=X) = Ey(=x)

!
Em—x) = Ey(-X) a
and y(—x) are the solution of same wave equation with same eige e.
2. The eigen values of parity are £1. l
- 8 -5 . _ » 3 ; —
L) H| =1 Hat oatd) Q= 193d: £
Py(x) = 2y(X) - -

\ PPy (X) = Py (X) = LPy(X) = A2w(X) (1)
By definition Py(x) = y(-x) 0 /

All eigenfunction of symmetric H have even parity (+1) or odd parity (-1)
PIA().y ()] = H(=X)y(-X)
= H)w(-X)
=H()Py(x)
(PH(X) H(X)P)y(x) =0
[H(X) P1=0
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in other word P and H are commute therefore parity is conserved.

4. If Pand H are commute then both have simultaneous eigenfunction.
5. Non degenerate wave function must possess a definite parity.
6. Degenerate wave function can be expressed as linear combination of even and
odd parity.
Note: If any operator A commutes with Hamiltonian, H then A is said to be constant of

motion.

Compatibility and Commutatio vﬁ]
When the determination @Qs’able intro ansunce
two observables ar 1'0 e incompatible. The position a

thus incompatible. The observables that can be simultaneously me

in another observable, the

of a particle are
recisely without

influency ea )(_)-t’ r are termed as compatible.

Let A anc%ﬁre two operators their observables are o and B respective and m are
3

eigen vaEes;of A and B respectively, y is corresponding eigen function, meﬁments of

o and ainly gives the value | and m respectively with the system in the v . Thus

a and B can be measured simultaneously and are compatible.

IR AR 1t i A 19 !

-~ | L ] ‘A - S . ! s "

ABy =Amy=mAy=mly

BAw—élﬁléwzlmw

(AB—BA)y =(ml —Im)y = 0.y

”r i
AB BA 0=[A,B]=

-
Thus compatible obsery bIéﬁWented @ ators.
- e
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