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Density Operator Formalism

There are two types of state vectors for different system
(i)  PURE STATE
(i) MIXTURE STATE/STATISTICAL STATE

() PURE STATE

If the state of the system can be determined completely by state vector , then state is said to

be pure state. The pure state gv W of eigen kets ﬂ >} of an arbitrary
physical observable of \
z|u ) = Zco Uy, N\

where ¢.= \
',.‘ (Up|um)=8pm ===> Orthonormality condition (1\

'fb,\ Y|up)uy|=1 === Completeness relation

n
(wlv) = XCnCm(Unfum) |
-~ -~ - N o al - ; A \l
Hl =1 Hal zcné I CSRELCAE
\ (wlw) = Xea|” =

(F)= YcncmFn m, where Fp =(up|Fum)

n,m

(i)  STATISTICAL MIXTURE STATE

It is a generalization of the pure state, where the state of the system is not precisely

specified. The existence of the state is defined in terms of probabilities.
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e.g. A system in thermal equilibrium i.e. probability of finding states with energy

_E
E, ce KT,

Probability of finding the system in the state |yq) is P,

Probability of finding the system in the state |y5) is P,

Probability of finding the system inthe state |y, ) is Py

Thus, P, +P, +P3 + o inE .

Hernce, we can éa system is in the mixture state
probabilitie'Nz, ...... Py
Density' tor:
The densi erator for the pure state is defined as,
co

/\D. p=|w)v|

|‘|’>=%|“n><”n|‘l’>=%‘3n|“n>

) 30 R e tey A O

F N R -

then the matrix element of density operator p in the basis vectors |u> can be written as,

\ pr = (Uk |plu
= (U | 2 8g€m|un )Xum |u;)

n,m

\ 4 g :
S (ugfup Xum up)enem 4
n,m
Sk S Cnn
L Q™
Pkl =CkC P

We may obtain the expectation value of F by means of density operatorp,
(F)=2(umpFum)= Z(umlplun)un[Fum)
m n,m
= ZpmFam = Z(PF)m

n,m m,n

=Tr(pF)
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Normalization condition 2|cn |2 =1 can be expressed in terms of density operator as,
n

* 2
2Pnn =2CnCn =Z|Cn| =
n n n
Tr(p) =1

Equation of motion for density operator p in the Schrodinger picture from its definition:

Schrodinger equation is, - -

1)
‘ 0
”t? 3 wai(t)' = (ws()]Hs @
Now:,":‘\ |
I P = L s )ws ) |
_d d - ®
| @ s ) st(t)| +lws @) (vs ) |
o KGR AT . 0
Substltu¥et41e value of eq (1) ana‘ eq. (2) in eq. (3) We get
. }
\ d 1 1
\ | % = (E Hs|‘Vs (t)>)<‘4’s (t)|+ |\lfs (t)>(_E<Ws(t)|Hsl/ @
‘\\ I:; (Hsps Hs )= %[Hs: ps] /'
b - J
where pg —|\|‘/s (t -
Similarly equation of maotio nsity oﬁq i berg and Interaction picture
are A o s
ds—tH——[HH pH L PH =|WHONwH O]
d

%:%[H,,p.];m = w1 ()w ()]
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For pure state:

Density operator is hermitian i.e. p* =p

and also p2 =p, Tl‘(pz) =1

For impure state:

Pl = CiC) (average ensemble)

s *
/‘ <F> = 2 CnCmFn,m
. n,m \
/
/ <F> = 2 Pn,mFn,m =Tr(pF) \\
n,m
() If l)4e iS in pure state n \
J ,‘\ )
n; p=[v)ul p® =[w)wlw)ul=Iv)v[=p \\
(i) If the system is not in pure state, p2 P l
Forasy'stam described-by a s axﬁuc ical mﬁéﬂdﬁ-&ﬂ ate, it .' the odinger
picture can be defined by, Lﬂ’ v ST 2\"(! !'] ‘i 3 . i ' é ‘
\ ~ :
; !
\ ps = Zpk‘wi(t)x\vi(t\ J
\ k J
A |
\ Ps = ZPkPi wheo ok =|wi ) wi( /

The density op rato i isenberg picture ad in the interacti

P =%pkpf<

So, (A) =Tr(psA) =Tr(pnA) =Tr(p|A)
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Thus,
p? = %pk|\|fk><\|fk |%I0k’|\|fk'><\l/k'|

= kaPkpk'Wk)(\Vk Wk v |

= kaPkPk'|\lfk>5kk'<\lfk'|

=%Pﬁ|\lfk><\11k|

ro )—Tr\%pkilwgkl

= (yi IPE|wi)
/ =pﬁ<\llk|\lfk>

' 2
/ i =Py

Since @ <1 ,
Tr(p )=DPy henceTr(p ) <1, equality holds for pure state. l

D|Agonal or P repreientatlon (Sudarshan -Glauber representation
(3, 301 20 P e, Tl A9
lfsysrmoMn apu state‘|\|/"th@n denﬁty‘ope tor p‘—’ﬁz <

Density operator for radiation as ’;

' |
o= jofyela)el |
lon/function.

where ¢(z)\* unction can be thou imilar to probability di

. 7
d(z)d 2y = ~1'r.1t robability for classical i 0 ,t»aéz value between z
and z+dz.ie z, toZ +~d i i+dzi%3 ”~

(F) =(v[Fv)
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:%<k|pa+man|k>

== (k| ja*2 @]z " )
:%jdzz (k|2) d(z)(za™a" k)
:%jdzz d(2)(za"a"[k)(k|z)
— P~
zﬁ ARG

Glauber Sudarsh%ﬁn ation: p =[d’a P(o)] ar)(c| ingle mode radiation.
oy

P(a) >0, ala.@Qoositive definite; P(a) = Weight function; p = densit rator

since pis(ﬁ.ﬁtian, pt =pi (P(@)" =P(a) = P(a) is real. d2aP \
f

probab;rl'q/\lstribution function. It has values lying between o and o + d%o ﬁ, lagonal P-

represe@n, weight function P(o) always has to be positive definite.
P-representation for coherent state:

Coherent state |0L0? ; density operator: p =|ag (et
. : - . . : .l' . " o : > ‘r- ' - p
) LN

T Y9N A
=[d“0 8 (a—ap)e)(a|, where

- "
] "

. "1
P- representation p = jdzbc P(a)ra><a|
P(at) = 5° (0t - atg)

82(OL—OLO) 3 5((1: —aor)d(aj —apj) 0

* Ve .
Normally'O’cri € and Antinormally Ordered Functio {.)“ '
In normal ordéring ﬁ’{(

ion operators appears on the ihilation operators on

operators appears on the left: - L :

the right, while in ~ant|. c}r ing all creatio the right and annihilation

e.g. a*a is normal ordering, aa™ is antinormal ordering.

+2

Problem: Convert Normal Order function a*2aZinto antinormal function.

Solution: a*?a? =a*a*aa
We know that [a, a*]=1s0 ata=aa* -1

Therefore

a*2a? —a*ataa= a*(anr —1)a —ataata—-a'a
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at?a? = (aa+ —1Xaa+ —1)— (aa+ —1)
—aataat —aa* —aa" +1-aa’ +1
= a(aa* —1)a+ -3a*a+2
—aaa‘ta’ —4ata+2

—a%at? _4a*ta+2

Normally Ordered Coherence function:

™ =Tr(pa™™a").

which is coherence fu

_Tr(pa+m n)

- > (k0% P@)u{a "
= {d%a P (Kl efa™a" )
—IdzaP(aXala*m n| @2 |k)k|
—thawaxala‘*m a"o)

(n,.m), = jdzoc P(a) ™™ o

: bwﬁwww% o

S b
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Density Operator for Single mode radiation in thermal equilibrium at
temperature, T:

Consider a system exists in thermal equilibrium with reservoir at temperature T. From
statistical mechanics, probability of finding system in state E,, is directly proportional to
Boltzmann factor, i.e.

E, cce En/KT

—En /KT

pm-

where / Z=>e Em /KT s calle
m
. e—En/KT
Therefgre p - Dok Ze‘Em T @
|
m

The sa

rms'ult of equation (1) can be expressed guantum mechanically by taking density
operato S .
| o—En /KT ‘
TS e - (2)
-~ 2 . o al = — —
o UM o Tipe ?«X{‘ idedd: )
- o
The probability for existence in the nth state is ,
‘Q e_En /kT '
n — : 3
< |p|r°< s )
m /'
— ' 4

e—H/kT|n>:e—En/kT|n>
<n|e—H/kT|n>:e—En/kT

Tr(e—H/kT) _ Z<n|e_H/kT|n> _ Ze_En/kT
n n
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Hence, (nlp|n) =

Since H=(N+2)o

a—H/

n

~(n+1)e, y § .
=Xe (n+2) /kT1n)(n] - since N|n) =
n ' .

’

r(e—H/kT)?$Zn|e—.l‘-llkT|n>

-
=e—‘m/2‘kT[1+e—co/kT +o20/KT _ —3w/kT

O 30 = Fgp a v O

Density operator,

e—m/ZKTEe—nm/kT|n><n|

o=/ 2KT 1
1_e—m/kT

Ze—nco/kT|n><n|

1
1_ e—(D/kT
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p= ZE—nw/kT (]__e—o)/kT)n><n|
n

which is density operator for thermal radiation (chaotic light)

The average number of photons in this mode

Al = Te[Np] = §§m|Np|m>
n=

(NS TG0k

8

n=1 .
=(1_e—u)/kT Xe—m/kT +26-20/KT  35-30/kT | \
£ (’l.;‘e'—m/k:l'.)e—m/kT (1+ ze—‘co/kT " 3e—oo/kT A
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Hence,

P—Z —nm/kT(l e—w/kT) ><n|

-JMJ%J'

which is density o r single mode radlatlon at thermal equilibri mperature T.
Tr(p) = (nfpin)
- " ) Z
| :‘\ o [

Mehta — Sudarshan Method:

P- representation or Glauber- Sudarshan representation is
2
p=[d“aP(a)o)(a]

Evaluate: (—B|p|B) =(—B|[ d%a P(o)| o)t/ B) = [d?a P(o)(—B|o)(at|B)
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Where, (-B|a) = exp[— %(|a|2 n |ﬁ|2 B B*aﬂ

(o]8) = op| ~3{|of” +[3* +'B)

(~Blo|B) = [d%a P(a) exp[— (|<x|2 +[B? —B*a+a*Bﬂ

A

|
o
N

<—B|p|B aP — |oc|£~— * +OL*B):|

Therefore

g(ﬁ)?{B‘(a)eXp[(aB[;a)J‘. T %

- 1d 25 () exp- (o' —p'a)

\o 30,31 5 bMWW’ O

P(a) for thermal radiation:

Jo? _ L

~ L jd2p(=plplp) exp]l-ap + B
TC
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‘ n+1
dzﬁe@Am;’]BB‘T\éB'T —exp C (r:(} "I Jdil: O l

Where‘A—— B=-a", C=aqa,
- A+l & o /

Write p=Xe'?; d2p = XdXdo

BnCan+mei(n—m)9

00 ?2 2%
I=[dX Xe™™" [do ¥
0 0 mn min!

Integration on 6 gives zero if n=m,
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27 .
[ doe!(™MO —2n5.
0

o 2 NA~My N+M
| =215, JdX Xe AX" y BC X

0 m.n min!
_ony B ch ‘}’dx X2n+1e—AX2
n (nl) 0

|
2 (n +1)|a|
[d Bexp[ A|B| +BB+CB ) (n+1)exp

A\o:m*’hrr maﬁﬁ?m O

B 2
P(a)=— e|a|zﬁ(ﬁ+1)exp{_%)

nz(ﬁ +1)

.\v
—w/KT
which is Gaussian distribution. where, average number of photons n = (1_—0)/”)
—e
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Q- Representation:

For evaluating the antinormally ordered coherence function,
n,m
F,& ) = Tr[pa"a™™]

Trpa"a*™]=3(n|pa"a™"n)
n

~ —Z(nlpa’ = [d%a]o)op ™n)

- n ——

T
o . SV i
=1 - Jd%a{a|p|ajo
Thus moments of a,) give the antinormally ordered coherenc
' 1

| 'm‘ =Py lw)vli Pyz0
\I] .

Qo) == (a[SPy w){vla)

(L7

O A lE e fawas: O

=Z_P\v‘<‘l’|°‘>‘2
v

- Q@) =0

Dr. Rakesh Kumar, Physics Department, Chaudhary Mahadeo Prasad Degree College, Prayagraj- U.P. 211002 Page 16



R- Representation:

Completeness relation for coherent state is

%jd2a|a><oc|:1

p=n"[d%ala)(a|pn[d2B|B)(B|
= 2] d%od?B(o] ofp)la)(p)

o *Npm
)= 2 Sl tololm »\
Chflracteristic functions: '
Characteisics WG ceitzs 1507011 T T ()
\ &)= Trlpe™ S /"
Norma:‘l\y ordered characteristic function is defined as, f

4E *
An(E)=Trlpe= e~ #]

Normally Order‘ed\ function is defined as

i -

Relation between Characteristic fu.ritfoﬁ and Coherence function:

i[egf —a*aJ _ a+e<:a+ —£"a
o

£*(ei"ler —g*aJ —e (— ae_é*aj
og
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[3
e

Prope
/
#
n(0)=Tr[p] =1 . '
-\\ ’ " B
| (.33 5 oy fo: ©
\ o
\(\?‘N(&))* =| Trlpe®” al) ,//

=xn(-€)

Antinormally Ordered Characteristic function:

Antinormally ordered characteristic function is defined as,

ya(e)=Tripe ¢ 652"

Antinormally Ordered coherence function is defined as
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Hence

an+m
1_’g‘n,m) =(_1)m

W} LA (qg:O

1a(0)=Tr[p] =1

’(x_@ ) =xal- ‘&‘) -
Interrelatlonshlp be

BCH identity is , \
[A Bl
=efe®e or \
3
/ - eAeB eA+B+ [AB] \l\
g}

oA+B _ e§[A Bl

A=cat, B=—F,*a

) Sy / * +
Antinormally Ordered Characteristies function;. ...y a ()= Tr[pe % 252" ]

therefore,
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Problems:

. —C|§|2 .
Find the value of y (&) and ya (&) for x(€)=e , where C is constant.
Evaluate F,(\ln'n) =Tr[pa™"a"] and Fg"n) =Tr[pa"a™"]

Show that ¥ (&) and P(c) are Fourier transform to each other.

P wo npoE

Show that y (&) is Fourier transform of (a|p|ct).

r
\\1‘0\‘. /-‘.o\ .

O 31 A ¥z A T fvam: ©
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