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Introduction of annihilation, creation operator and Occupation number

states

I Quantum condition for system of particle:

[9m, an]=0; [Pm, Pn]=0;
[Am, Pn]=i8mn } (1)
Il Quantum condition for system field:
[z 0w 0]=0; [y (.0, v (.0)=0
w0, v @ 0] =83 -7 } @

Non Relativistic Schrédinger wave equation

Wa \ )

\

Hamiltonian Formalism

Here, v is wave function /

) |
& Idsf[ e VWTV\HV\V y] %\ 4)

Here, v is field operejofgd vis Hermitian conjugate of vy
Non Relativistic Schr dleger’gqugqop—w; 3'730 tr—q ’T‘—ﬂ O '

=Ty, H] (%)
: i\i/=—2~1n072\u+V\|/
~ E\.'
Expansion of v, y' i of el eng&@é{% and other complex
. NI fagde
conjugates:- i

Consider uy (k=1,2,3, ......... ) — complete family of orthonormal eigen function of

system of particles or field.

Orthonormality condition: jd3? U} =Sy
Completeness relation: YuE(Nup (F)=83(F -7 } (6)
K
Expansion of v : y(F,t) = Xay (Yuk ()
k

Where uy is c-number and ay (t) is g-number.

Eq.(7) can be solved to obtained a,(t)
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Jd3F w(F, 1) uk () =fd3f§a.(t>um uk (F) (8)

Ja3F w(F,t) up(F) = X =ax() ()
Hermitian Conjugate of Eq.(9) is
ay () = 37 T (7,0 u . (7) (10)
[, (0) 2 (0 = [ d3F d3Fuy (F)uy (P 0, v (7, 0]
= [d3F d3F'uy (F)ue (F) 83 (F -9 (1)
= [d3F d3F U (F)uy (F)
= S’
Hence,
[a, (1).2,, ()] =0
[a] (t).a,. ()] =0 (12)

[a, (1).a,. (0] = Sy

Number Operator:

3

, = BV eathr v
w(r,1) :%ak(t)uk(F) K‘Q\Vwr'tb Z"%lak 1) '(?
From Eq.(4) o
H= jdsf[ﬁvqﬂvw+v R 4 e
If u ’s are the eigen function wit Value@
\\—’_'-

H is the operator for number of particle in mode k,

H=>ExNg
K

Where Ny = aiak and the number operator N = 3> Ny
k

. f
For single mode, [a, a ]=1and N = a'a
Occupation number state:

If [n) is the eigen state of number operator then,
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N|n)=n[n);

Orthonormality condition: (n|m) =38,

Completeness relation: >|n)(n|=1.
n

These states are known as occupation number states.
Commutation relation for a, N and interpretation of a:
[a, N]=]a, aTa] =]a, aT]a =a

aN—-Na=a

Na=a(N-1)

In general f(N)a=af(N-1)

Interpretation of a: If |n) i

N|n) =n|n)
N(a/n))=a(N-1)|n) /
=a(n-1)|n) /

:«rnwm>I§F

a’ decreases the occupation number by 1. So, it is called%nnlhllatlon perator.
QJ -& %—- Td:
Commutation relatlox ra, and |nterpretat|o Jr }

Naf =af(N+1)

In general f(N)aJr —al f(N+1) ‘
Interpretation of a: If |n> is the occupation number state with n particles
N|n) =n|n)
N(aﬂn)): al (N +1)[n)

=af(n +1)[n)

~(n+1)f|n)
‘at’ increases the occupation number by 1. So, it is called creation operator.
Action of [n) onaand a':

Since ‘a’ is annihilation operator so we can write
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aln)=a|n-1) (13)
Hermitian conjugate of Eq.(13) is
f *
(nfa’ =(n-1|a (14)
Scalar Product of (13) and (14) is
(nfa"aln)=(n-1ja*a/n-1);N=a’a
(n[NIn) =[a/2{n ~1]n~1); Njn) =i
n(n[n) =laf*(n-1)n-1)
n=|a/*;(n|n)=(n-1n-1)=1
a=n
Hence
Similary if < af is cre igperatoﬁthérlwe‘ can write
aT|n>=B|n+1> m 3 l (el (15)
Hermitian conjugate o F@(lg},ls;:\‘ AT m “;.1 %.m O
(nfa=(n+1[p* (16)

Scalar Product of Eq.(15)an
(nfaa ' n) = (n+1p"Bjn +1)3
(n|N-+1n) =[p*(n +1|n +1); Nn)=n
(n-+1)(n]n) = (n +1fn+1)
n+1=[p?;(n]n) = (n+1fn+1)=1
B=n+1

Hence a'[n)=+n+1jn+1)

Generalization to multimode:
[ak,ak,] =0

+
[a.'l;,akr] = O

e
Dr. Rakesh Kumar, Department of Physics, Chaudhary Mahadeo Prasad Degree College, Prayagraj- U.P. 211002 Page 6



E Learning Modules

T
[ay.a) ]=08kk’

i) =[n1,n2,n3,N g0, AT )
Ni| ik ) =nk[ng,no,nz,ngecees, (TP )
a|{inic ) =Nk n1,n2,n3,Ngens, ] )

)
a, [Nk ) =nk +1ng,no Nz Nguiennns, N +1yeenn. )

COHERENT STATE (o) ):

It is an eigenstate of annihilation operator ‘a’.

Jot -
Uie

ala
o be complex number &@

O +lio .—-'-'E_;éi-e(}
Relation between | o) dnﬁ'> A7

n sl 12

(18)

B - -

0 M Oy

We know that |o) = 3¢, [n), LA’
n

- 2 3 . . . =.
using equation (17) + | & T =i ¥ I U] faas: O
o0

o0 o0 o0
a Ycpln)=a Tcy|n) \Xcpaln)= Ycqa
n=0 n=0 ! n=0

\ N 4 P

~+aln)=+/n|n-1
m)=+nln -1 o

o0 o0 o
Ycpvnin-1)=o Ycgln) e )
n=1 n=0
V1cq|0)+4/2 o) + 43 €3] 2) + s =a Cg|0)+a Cp|l)+a Cp|2)+.......
Comparing the coefficients of the occupation number states on both sides,

ac
0 -—39
| >Z>C1 \/i

2
V== = w2
2 3

12)=>c5 = V3 B2 V123

and so on

e ——
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ac, aalcy, adc ac
|n>:c _ 2 _ 0 _ 0 _ _ 0
N 3 321 V123 Jnt
Hence o) = s
© N
) =co0 § 04

Evaluation of c,:
Use normalization condition,

(afa) =1

|C0|
Hence
Note: O 3 Ct W -i'(’.a‘x ﬂ'_\j :53.“3:1: O
\ it |n)=21_o)
2 o0 Q
Then o) =0 5 (i)

2
exp(f@) exp(oa’) is not hermitian. The coherent state |a> can also be generated

by displacing the vacuum|0) | ) = D(e)|0)
o) = o

where D(a) is called displacement operator defined by ,
D(a) =exp(oa’ —a*a)
is hermitian. The relation|o.) = D(c)|0) is important as it show how the coherent state can be

generated..
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Important Properties of the displacement operator

1) .. |oc> = D(oc)|0>

Proof: If A and B are operator and satisfies the following :
A B]A]=[[A,B]B]=0

1 1
A A A,B A A+B+z[A,B
+B e eBe 2[ ] B e 2[ ]

then e e’'e

is called Baker Campbell Housdroff Identity (BCH).

From above exp(aa’ —o*a), consider A= aatand B =- o *a, then using BCH identity

%[ocalT —oc*a]

exp(aal —a*a) = e“aTe_

* T,a]

Since [an,a]: -1

Therefore exp(aa’ — o

@
of?
@)=e 2 3y
Tn
[n)=2~|0)
2 2 2
R R
toy=e 2 Sy 2 Eo%f%@:e 2 u'|g) @)

Dr. Rakesh Kumar, Department of Physics, Chaudhary Mahadeo Prasad Degree College, Prayagraj- U.P. 211002 Page 9



E Learning Modules

From (1) and (2)

|oc> = D(oc)| O>
P S e SN
Hence D(a)=exp(ada' —a a)=e"" e e =e e” e Is hermitian.
L2 1,2

% *k
) exp(aa’ —aa)=e 2 eval ga’s _ 2" go*agaal

Proof: We know that the displacement operator is D(a) = exp(ocaT —a'a)

Consider A= aia’and B = - o*a, then using BCH identity

* ——1[cxa ,—o a]
exp(oa’ —a*a)=e*® e™* ¢ 2

S T
. 1oc(x*[aT,a]

1 AT
Therefore exp(aa’ - oal g=didp Zi =g

] 1|a|2 1| |2

o 00~ onta’ iy s e R

Now, if we consider A3 -a*aand B = ca’ and use then use BCH |de tity we get,

Since [a,aT]: 1 ‘

1 2 1 .2
Yo L

*
Therefore exp(-a*a+aa’)=e™* ae"‘aTe2 e @ aeo“;r

2 1,2
Ta Sl

*
ocaTe—a a_a,2 e @ aeocaT

hence D(o)=exp(oa’ —a*a)=e 2
(3) D(c)D(B) =exp[3 (a.f” —a"B)]D(c +P)
Proof: ~ Since  D(a)=exp(aa’ —o"a) and D(B) = exp(Ba’ —p*a)
D(a)D(B) = exp(aa’ — o "a)exp(Ba’ —pa)
D(c)D(B) = exp{(ce + B)a’ — (o” +B")a)
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,l[A' B]

Using BCH identity oA _ gAgBg
A=(a+pa’,B=-(a’ +p")a

D(o)D(B) = expl(c+Bla’ —(o” +p")al
e(a+ﬁ)aTe ((x +B )a [(oc+ﬁ)aT _(a +B )al

_ ool g~ +p"a,g Slopal (ol

Ll (*%)al
Now calculate e ,

Liarmal @ +p%)a] . \ \ . .
e? = exp{% ([wa’,a"a]\ H{aa,p"a] +[Ba’, o "a] + [Ba’,p"a]}
S

= exp{l

/cg%mz 1<aﬁ e
g 2

{h “:rrn
_ b o oc+[3)a (o +p* )ag 2
D(@)D() =e o + B éﬁﬁ‘%}ﬁ'ﬁ; & (Ze'j

—(oc +[3 )a

_g (0c+[3)a

Solve the following:
() D'(¢)aDE)=a+¢
(i) D'(g)a’ DE)=a’ +¢&"
(i) D™(8) =D(&) = D(-€)
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Properties of Coherent States:

(1) Coherent states are not orthogonal.

Proof: la)=e 2 3 %|n)
n=0 n!
_ﬁ 00 n

B=e 2 5 0n)

L2 p2-20p)

(a|B)=¢

(i) If oo=p then (a|B)=1 coherent states are normalized.

(i) If o = Bthen =

Hence Coherent state %‘u(n orthUp‘;)rf Ti%ﬁ
PR EX

|
L
’

separation of the eige vgell e‘r% >>1, Jo~ aﬂ% 8
s

(2) Coherent states are overpemplete-—

Proof: Consider [d%aja)(a|

|oc p| >>1. For large

:

d2a —s represents the surfa(; é(&pnent in complex i inf real plane.
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ds = dxdy = Rdrd6
d%o = dot, da; = |a)d|or|dB,,

fd%oa)a| - ¢20e I = s jnym

Z ‘a‘n+m i(N—-m)6,

[n)(m|

- oo, 5 e

o =|a e'a

j2re! =M g = 215,
=2x forn=m

Jd%aeu)ot| = 2mfg’ |0°|0'|0°|e
If we write |of = X then/ cé'

: 2 k.2n

(jd ol a)(o | ZTE'IOXdX e~ z =
u N A el 'a; \EEB f

\O kil ‘_ Z'njo (;Xe ;]X |n8

ISOX2n+1e—\a\2d . 0 ‘

oG

‘k\—’_,-

Hence A
1d%a]a)(a|=1

This is completeness relation for coherent state.
Over completeness of Coherent states: Overcompleteness of coherent states means that any

state can be written in terms of the coherent state.

() We canwrite |ojand (o in an infinite number of ways.
(ii) We can resolve any state |a> in terms of coherent states.
|o0) =Jo)-1=[ o) 1 [d*BIB)(P]
= 2[d°B(B[o)[B)
= L[d’Bexp[~1 (o +[B" — 28" )] B)

e
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(3) Expansion of states and operators in terms of the coherent states

Completeness relation for coherent state is %jdzoq a)a|=1
This gives,
) == fd*ofa)a|v)
- 2 {da(o] v

similary for operator, F

F=Lfd% ool Lja% [B)p

- =1 ¢ adB{alFiB]o)(B
If
then
=----and soon ’
=+1.23.4....n|n)
~riln)
alm
m)==[0)
| aT aTz
Evaluate: <Ot|\l!>=<0t| Co +Clﬁ+lﬁ+ ______ |0>
<OL|\U>=( +Cl\/_ \/— —————— J<°‘|O>
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2

Since (af0) = 2"
.
(o) =F(a")e 2"

)= [ v)

1 xy 3o
= =[d’a f(a")e 2 |a)
T

This is the expansion of |y) in terms of coherent state.
(4) Coherent states are minimum uncertainty states:

Analogy of single mode radiation with a harmonic oscillator, in radiation gauge, V-A =0,
where A is vector potential then A can be written as

- —

A=Y [ k€
k, 1"
Innaturalunit z=c=1/ N
K'is wave vector, J/'\

¢ is unit vector ’_( fb’ " |

A denotes polarization (takes ’élvalyes corres onds to 2t nsverse mode of polarization)
" i ‘ slelel Slei4
V denotes Interactlon\K) me » O }

_ _gy_L10A

E= TV a 0 ' |
B=VxA - M
E:—ﬁ,&o—%% A¥ = (¢, A) ﬁ./

For single mode, vector potential

g[akei(R.F—mt)Jrake—l(kr cot)}
20V

Hamiltonian:  H = Jd3?8i[,&2 +(VxA)?]
7T

This reduces to H=%(a7a+aa7):oo(aTa+%). This Hamiltonian is for single mode

radiation.

Define two hermitian operators be (a¥ +a) and i(a® —a).
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(a* +a) - coordinate operator

1
= 2w

p= i\/%(aT —a) - momentum operator
which shows [q, p]=i

q° =i(aT +a)? :i(aTZ +afa+aa’ +a?%)
20 20

p? = —%(a* —a)? :—%(a” —afa—aa’ +a?%)

0°q? +p* =w(@'a+aa’)

H =%(mzq2 +p?) =% fataa’) =w(a’a+d)
So for one dimensional harm Mor,,[q, pl=i, \quz +p?)

Hence single mode radi equivalent to unit méss one d

Thus annihilation and on operétoréan_be written in term

111

operator. A Pt (el
o=
- 4 £ .
\O Hl =i ﬁ"’mjﬁ%@.@‘lﬂ‘@ GEGAE 0/
1 .
f_
a' = ®g—i
N7
Uncertainties in g and p for coh -
Let Ag and Ap be the uncertain Siti entum) respectively. Aq and

Ap are square root of the variances of q Me-ﬁned as follows:

Ag=,(a®)~(a)’

For ¢ :i(aJr +a)

V20

Dr. Rakesh Kumar, Department of Physics, Chaudhary Mahadeo Prasad Degree College, Prayagraj- U.P. 211002 Page 16



E Learning Modules

(a) =(ejalo

L @' +a)la)

<0‘|E
1 i
= = tofa o + (el

*

%{a* +OL} Since ala) = o o) and <0L|aT = (oo

Since a.=a, +ia; then a” +a =20, hence

hence variance of q

Similarly we can calculate

(p)=+20 a;, <p2>=2cooci2+%.and

variance of p ; (Ap)’ = <p2>—<p>2 = % Thus,

(Aq)*(Ap)? =% So, (Aq)Ap)= 1

This is the minimum value allowed by Heisenberg uncertainty principle. Hence, Coherent

state is a minimum uncertainty state. It is the most classical state.

e ——
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(5) Poisson distribution of Photons:

Let operator Q2 has several eigen values w,, corresponding to eigen states |(’)n>
Qw,)=0,|o,)

If we measure the physical values of operator Q2, we get the variables o, different values

correspondston=0, 1,2, 3, ........
Suppose we have a mixed state,

[W) = Co| g ) +Cyf @y ) + o @,) +C5l3) +......

Then |\|/> is an arbitrary or mixed state can be expanded linearly in terms of a complete set of

orthonormal states o, . Probability that the measurement of a is |co|* , @, is [c,|* and so on

_|| n)-so it can be written
ntt oo L

Now,

P(©O) = e, =[(0]ot) = e

2 (12
Jof? |9

P =[ef =[(afor)* e 5

4
P e o

P(2) =[c,|" =[(2]a) o

e
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ool |2
o0 -l ol -

Hence P(n) = e‘|°‘| anl

(ala*alo)=oa= |oc|2 =1 = average number of photons.

Thus the expectation value of number of photons is the average number of photons in the

coherent state.

nI ’
which is Poisson distribution for number of photons in the coherent state

2

+2 0(,20(, —|OL|

The variance of photon in cohere
a)

Note:
(N ﬁ(ﬁ)n-Jrl

P(n)=e i P(n+1) =e "D

Therefore P(n +1) n
P(n) n+1
Case (1) If n is an integer
() Forn=n
P(MN+1) n
P(M) A+l

M+ P(M+1)=nP(N)
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p(n+1) = 12N
(n+1)
Since __ <1
(n+1)

Therefore P(n+1) <P(n) If n is an integer
(i) Forn=n-1
P(A) _e"n" (M-1) _
P(M-1) ™ et
P(R +1) =P()
(i) For n=1n -2

PA-1) N
P(M-2) n-1

P(N—1) >P(N—2)

1

>1

| T

of P(0); E?&ii,:létc,_ P(M)

Conclusion: If n is an int

?\the highest.

0.10 Coherent state

T

<n>= 25.2
Var(n) = 25.3

Photon number n

e
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(ny=1

| Hnn e

2

“_HHH”HHHH:THI...

0.2
’— {(n)=10

O'IO—H ?ggﬂﬂﬂﬂﬂﬂﬂﬂn

8 9 10 11 12 13 14 15

P(n)
=)
N

Case (2) If n is not an integer

Forn=n+¢; ¢ is a fracti

(i) Forn—noom'ap ma-—(‘l%‘rﬂ o

_No+e_ n

>0.
P, 1)  n, No o
P(no -1)
fo_ o '
(6) Show that a |(x>—aa|a> %Q.
B ’
Proof: la)=e 2 n§o%|n>
jof* .
et Jo= 5 %in)
0 ﬁ 0,2 on
- 2 =
2 © 7 el =55 (2 TRin)
- 0
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Replacenbyn+1

|ex]?
=a’(e 2 |a))
2

||

e 2 a|la)

2 2
[ o]

a*|o) ez Z(e 7 |o)

> N
=£(|°L>)+°° |oe)

(7) Show that ¢*'2o/) = |oe®)

Proof:

-
If 9_2 then

Prove the following:

O (a]2a)—e 2%
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@ (o] +(-af)a(o)+|-a))=0

3) (afa® a™]a) = 4|OL|2 +2

4) [X,, X ]= where hermitian operators X, , are defined by a = X; +i X,

2’
6) (20 +(at])(—20) [~ t})) =0

n

(6) jdzoc|oc><—oc|=n%(—l) [n)(n|

Coherent State as a Gaussian Wave Packet

Let |X)is the eigenstate when Wt' Wisely stated by X then
X3 TN
Where X, is position 6@3@ O
" (e

\v(X) (XI\V}

() Orthonormaht;}condltlon X' Xy=8(X~X") .
‘O'&a nl‘M wha'(\rﬂa}EO/
(i)  Completeness rﬂatlon fAX| X)(X| =L

(iii)  Mean position- given by the expectatlco value /

23 M

e~

<‘V|Xop|\|’> = <w|X0pjdX|X><X -
= J Xy [Xgp| XHX )
= [dX{w [x[X)(X]w)
= JdX x(w | X)(X[w)
= [dX xw" (X)y(X)

which gives position probability density y*(X)y(X) . The Configuration space function for

the coherent state |o:), defined by (q'|at),
If |q') is the eigen state, then q|q’) =q'|q")
g = coordinate operator, it is quantum number and g’ = eigen value, it is c-number

We know that a| O> = 0. For single mode Harmonic Oscillator a = i(mq +1ip)
V20 .

e
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1 in)0) =
(q Im(wq +ip)[0)
(9'[(wq +ip)| 0) =
®q'(q'[0) +ip{a’|0) =

Since p=—ii

!

' ' H H a ' _
o' (@[0)+1 (=i )a[0) =

oq’ ( '0>+a%,<q’ 0)=0
0

IO=_ ! IO,
o (410 =~ ed'{d]0)

1
y=Ae 2
g

so (q'|0) =Ae 2 Ry

Using normalization con |B1 3=

- 1
4
|A|2\/E =1 which implies A = (Qj , hence
® T
iy
4 —2w0q'2
0>=(9J e 2™
T

Coherent state is

S
|OL>=e 2 n§0%|n> )
2
it can be written as o) = exp(—%) exp(aa’)|0)

since

e
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o aa o’a’
e"®|0) =+~ o) |0)
aa a’a?
=]0)+==[0)+ i 10)—........
= o) since (a|0) =

2 2
Hence |a) = exp(—%) exp(aa’)|0) = exp(—%) exp(aa’) exp(aa)|0)
Use BCH Identity

A.B _ ABE[AB]

A= exp(aa’) and B = exp(aa)

Hence

1 1
| = 2 ?u ea(a +a)e 2" |o> |
—]21("032&.0(2.)

—p (x,(a +a |0>

O xR m(mg& tzg

o 20)q|0

therefore

e ——
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1 1,2,..2
- ( ) — . “lod
:(mj4e 2 ‘a‘ b e(l qu’e_iqu
T

{
(5

!2

:Jle

1
J4exp[ a| +|oc| +ol+al +al-o +2I0coc) (o, +a; V200 -

I

exp 202 +20.,+/200" — ©q'? + imaginary part}

:lls

_ 9 Z _ 2 \/Z ' 2 2
—(n) exp[ o(q'“-2 marq +(Docr

and quadrature distribution is Kq'

~old' - (20,Y|

o...Coherent state can be

Hermitian Operat}ﬁrB1 and X,1

For the physical meaning of the caqomcal momentum opgrator p and canonical operator g of

the field, we introduce tWo'new: hermitiah Mrm /

Xl =
1 1
X;==(@+a") X,=—(@-a") 4
12 Y (1)
Which gives [Xq,X,]= é For single mode radiation vector potential is
A__ 1 g_aei(R.F—wt) +a+e—i(R.?—wt)}
20V L
- 2:cLoV e (Xp +1X,)el k7o +(X1—iX2)e_i(R'F_‘°t)}
_ 2iov . Xl(ei(R.?—mt) +e—i(R.f—mt))+ixz(ei(R.f—mt) _e—i(R.F—mt)ﬂ @

[

= = e[X; cos(kF - t) + X, sin(KF - wt) |
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Which shows that X4 and X, are the amplitude operators of the filed whose phase are
orthogonal. Thus X4 and X, are called quadrature operators.

Uncertainties in X4 and X, for coherent state:

Let AX; and AX, be the uncertainty in X4 and X, respectively. AX; and AX,are square

root of the variances of X4 and X, are defined as follows:

Lo} + (o ?[o+ T

:%kqaﬂm)+<a|a2|a>+<a|(za’fa+1)|a>}
:%{a*z +a?+20a +1}

:%{((x* +oc)2 +l}

:%{4a? +1}= a? +%

hence variance of X;
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2 2 2 _1
(AX1) =<X1 >—<X1> =2
Similarly we can calculate
[

<X2>=oci , <X22> — a2 +% .and

variance of X, ; (AX,)? = <X22>—<X2>2 =%.Thus,

1 1
(AX1)?(AX5)? =16 % (AX1XAX2)=Z-

This is the minimum value allowed by Heisenberg uncertainty principle. Hence, Coherent
state is a minimum uncertainty state.

- )

O 31 7 B "?Eﬁf!?j favam: O
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